Abstract-This paper generalizes the Lasalle-Yoshizawa Theorem to switched nonsmooth systems. It is established that a common candidate Lyapunov function with a negative semidefinite derivative is sufficient for boundedness of the system state and convergence of a positive semidefinite function of the system state to zero. The developed generalization is motivated by adaptive control of switched systems where the derivative of the candidate Lyapunov function is typically negative semidefinite.
I. INTRODUCTION
Switching in adaptive systems can occur due to intermittent feedback or abrupt changes in the plant parameters. Switching is also utilized as a tool to improve transient response of adaptive controllers by selecting between multiple estimated models of stable plants (cf. [1] - [10] ). Lyapunov-based stability analysis of switched adaptive systems is challenging because adaptive update laws typically result in negative semi-definite (NSD) derivatives of the candidate Lyapunov functions for the individual subsystems. For each subsystem, convergence of the error signal to the origin is typically established using Barbalat's lemma [11] , [12] (or one of its variants). However, since Barbalat's lemma provides no information about the decay rate of the candidate Lyapunov function, the stability of the overall switched system cannot be inferred from the stability of the subsystems using traditional dwell-time approaches. Approaches based on common Lyapunov functions (cLFs) have been developed for systems with negative definite Lyapunov derivatives; however, cLF-based approaches do not trivially extend to systems with NSD derivatives of the candidate Lyapunov function (cf. [13] - [15] and [16, Example 2.1] ). Hence, generalizations to Barbalat's Lemma that result in cLF theorems for systems with NSD derivatives of the candidate Lyapunov function are necessary to analyze the stability of switched system.
Switched systems with NSD derivatives of the candidate Lyapunov functions have been studied in results such as [11] , [17] - [20] . However, the objective in the aforementioned results is to achieve asymptotic stability (i.e., in the context of adaptive control, asymptotic convergence of the error states and the parameters). Hence, in the context of adaptive control, further assumptions are invoked, such as persistent excitation (PE) (cf. [11] , [18] ), which enable the application of methods such as Matrosov conditions (cf. [17] - [20] ) for uniform asymptotic stability. However, for adaptive control applications, such assumptions are often difficult to verify (especially for nonlinear systems) [18] , [21] , [22] . In this paper a weaker result that does not require PE-like conditions is targeted. The objective of this paper is to establish boundedness of the system state (i.e., tracking errors and parameter estimates) and convergence of the error signal to the origin for switched nonlinear systems with NSD derivatives of the candidate Lyapunov functions using Filippov's generalized solution concept.
Because of the complications resulting from a negative semi-definite Lyapunov derivative, few results are available in literature that examine adaptive control of uncertain nonlinear switched systems (i.e., where an adaptive update law is designed to compensate for uncertainty). An adaptive controller for switched nonlinear systems that utilizes a generalization of Barbalat's lemma [23] is developed in [24] . The controller can asymptotically stabilize a switched system, where each subsystem has nonlinearly parameterized uncertainties. Multiple Lyapunov functions are utilized to analyze the stability of the switched system. However, the generalized Barbalat's Lemma in [23] requires a minimum dwell time, and in general, statedependent switching conditions cannot guarantee a minimum dwell time.
This paper generalizes the Lasalle-Yoshizawa Theorem (cf. [12, Theorem 8.4] ) and its nonsmooth extension in [25] to switched systems. Boundedness of the system state and convergence of a positive semidefinite function of the system state to zero is established under arbitrary switching between nonsmooth nonlinear systems provided a cLF with a NSD derivative is available.
In the following, Section II presents a preliminary stability result for differential inclusions based on semidefinite Lyapunov functions. Section III develops a relationship between the (Filippov and Krasovskii) regularizations of the subsystems and the regularization of the switched system to enable analysis of the switched nonsmooth system using Theorem 1. Section IV utilizes Theorems 1 and 2 to infer asymptotic properties of the switched system using asymptotic properties of the subsystems. Section V presents an illustrative example and Section VI provides concluding remarks. ∈ F (x (t) , t) .
In this paper, the behavior of the generalized solutions to (1) is analyzed using Lyapunov-like comparison functions with negative semidefinite derivatives. To this end, generalized time derivatives and semidefinite Lyapunov functions are defined as follows.
Definition 2. The generalized time-derivative of a locally Lipschitz-continuous regular function
where ∂g denotes the Clarke gradient of g. If g locally Lipschitz-continuous but not regular thenġ F is defined aṡ 
for all (x, t) ∈ Ω, and a continuous positive semidefinite
The following Theorem establishes the fact that the existence of a semidefinite Lyapunov function implies that W (x (t)) asymptotically decays to zero (cf. [25, Corollary 1]).
Theorem 1. Let C ⊆ D be a closed ball centered at the origin. If the differential inclusion in (1) admits a semidefinite
Lyapunov function, and if for every fixed x ∈ D, the map t → F (x, t) is uniformly bounded over I, then (1) admits complete solutions and every complete solution to (1) such that
Proof: The proof proceeds by establishing boundedness of x and using it to establish existence and uniform continuity of complete solutions. Barbalat's lemma (cf. [12, Lemma 8.2]) 1 In (2) and throughout the paper, the notation a.e.
(·) , for a relation (·), implies that the relation holds for almost all t ∈ I.
is then used to finish the proof. If V is locally Lipschitzcontinuous but not regular then, using (4), (6) and Proposition 4 from [26] , all the generalized solutions to (1) satisfẏ V (x (t) , t)
a.e.
≤ −W (x (t)).
If V also is regular, then (3) and Equation 22 from [27] can be used to concludeV (x (t) , t)
a.e. ≤ −W (x (t)). Lemma 2 from [25] can then be used to conclude that V (x (t 0 ) , t 0 ) ≥ V (x (t) , t) for all t ∈ I. That is, for all t ∈ I, v (
Since F is selectionalble, the minimal selection m (F (x, t)) is continuous (cf. [28, Chapter 1, Section 7] ). Since x (t) ∈ C for all I, the minimal selection m (F (x (t) , t)) remains on a compact set. Hence, using Theorem 4 from [28, pp. 101], (1) admits complete solutions, that is, I = R ≥t0 . Let x : R ≥t0 → D be one such complete solution.
Since the map t → F (x, t) is uniformly bounded over I for every fixed x and x (t) ∈ C, the map
where M is a positive constant. Thus, x (t 2 ) − x (t 1 ) = M |t 2 − t 1 |, and hence, x is uniformly continuous.
Since x → W (x) is continuous and C is compact, x → W (x) is uniformly continuous. Hence, the function W (x (·)) is uniformly continuous. Furthermore, t →´t t0 W (x (τ )) dτ is monotonically increasing and from (6) 
) dτ exists and is finite. By Barbalat's Lemma, lim t→∞ W (x (τ )) = 0.
The following section develops a relationship between the (Filippov and Krasovskii) regularizations of the subsystems and the regularization of the switched system to enable analysis of the switched nonsmooth system using Theorem 1.
III. SWITCHED SYSTEMS AND DIFFERENTIAL INCLUSIONS
Consider a switched system of the forṁ
where ρ : Ω → N denotes a state-dependent switching signal, N ⊆ N is the set of all possible switching indices, and x : R ≥0 → D denotes the system state trajectory. 2 The functions f σ : R n × R ≥0 → R n are Lebesgue measurable for all σ ∈ N , and for every fixed x ∈ R n the map x → f σ (x, t) is locally bounded, uniformly in σ and t. Let f : R n × R ≥0 → R n be a function defined as f (x, t) f ρ(x,t) (x, t) . Since the functions f σ are locally bounded, uniformly in t and σ, the function f is locally bounded, uniformly in t. The objective of this paper is to establish asymptotic properties of the generalized solutions to the systeṁ
using asymptotic properties of the generalized solutions to the individual subsystemṡ
In the following, generalized solutions for the systems in (8) and (9) defined using the Filippov regularization
co {f (y, t) | y ∈ B (x, δ) \ N } , and the Krasovskii regularization The objective of the analysis is to prove the conjecture that a common semidefinite Lyapunov function for the individual subsystems is also a semidefinite Lyapunov function for the switched system. Letẋ ∈ F f (x, t) andẋ ∈ F f σ (x, t) be Filippov regularizations of (8) and (9), respectively, and leṫ x ∈ F k (x, t) andẋ ∈ F kσ (x, t) be Krasovskii regularizations of (8) and (9), respectively. Before stating the main result, a property of convex sets due to Carathéodory, and an important relationship between the regularizations are stated.
Proposition 1. [29, Page 103] If P ⊂ R
n and x ∈ co (P ) then there exists m ∈ N with m ≤ n + 1, p 1 , · · · , p m ∈ P , and
for all (x, t) ∈ Ω. Proof: Part 1, Krasovskii regularization:
Let z ∈ co σ∈N f σ (y, t) | y ∈ B (x, δ) . Then, there exists a sequence {z i } i∈N ∈ R n such that z i ∈ co σ∈N f σ (y, t) | y ∈ B (x, δ) for all i, and lim i→∞ z i = z. Furthermore, by Proposition 1, there exists collection of m ≤ n + 1 points {z i1 , · · · , z im } ⊂ R n , positive real numbers {a i1 , · · · , a im } for which m j=1 a ij = 1, and integers {σ i1 , · · · , σ im } ∈ N , such that z ij ∈ f σj (y, t) | y ∈ B (x, δ) and
Since the coefficients a ij ≥ 0 are bounded, the sequence {A i } i∈N is a bounded sequence. Hence, there exists a subsequence
Since the function A i → m j=1 a ij is continuous, m j=1 a j = 1. Since the set σ∈N {f σ (y, t) | y ∈ B (x, δ)} is bounded, the sequence {Z i k } k∈N is a bounded. Hence there exists
where the columns z j of the matrix Z are the limits lim l→∞ z i k l j . Hence, z j ∈ co f σj (y, t) | y ∈ B (x, δ) . Hence, the point z is a convex combination of points from co f σj (y, t) | y ∈ B (x, δ) . That is, z ∈ co σ∈N co {f σ (y, t) | y ∈ B (x, δ)}. Hence,
Hence, for all ǫ > 0, there exist z 1 , · · · , z m ⊂ R n , positive real numbers a 1 , · · · , a m for which m j=1 a j = 1, and integers σ 1 , · · · , σ m ∈ N , such that for all δ ≥ ǫ, z j ∈ f σj (y, t) | y ∈ B (x, δ) and z = m j=1 a j z j . In particular, ∀ǫ > 0, z ∈ co σ∈N δ>ǫ co {f σ (y, t) | y ∈ B (x, δ)}. Hence, z ∈ co σ∈N δ>0 co {f σ (y, t) | y ∈ B (x, δ)}, which proves (11) .
Part 2, Filippov regularization:
, and let N * (δ) ⊂ 2 B(x,δ) be a collection of sets of zero measure such that sup co σ∈N f σ (y, t) | y ∈ B (x, δ) \ N < ∞ for all N ∈ N * (δ). Since the functions f σ (x, t) are locally essentially bounded, uniformly in t and σ, the collection N * (δ) is nontrivial. Let M be a (possibly empty) set such that M B (x, δ) \ y ∈ B (x, δ) | f σ (y, t) < ∞, ∀σ ∈ N . Note that M ∈ N * (δ). Fix N ∈ N * (δ) and z ∈ co σ∈N f σ (y, t) | y ∈ B (x, δ) \ N . Then, using arguments similar to Part 1 of the proof it can be shown that the point z is a convex combination of points from co f σj (y, t) | y ∈ B (x, δ) \ N . That is, z ∈ co σ∈N co f σ (y, t) | y ∈ B (x, δ) \ N . To simplify the notation, let
A similar reasoning for B N δ and the fact that the choice of δ was arbitrary yield 
for all δ > 0. Using a nesting argument similar to the proof for Krasovskii inclusions, it can be shown that
A N σ , which proves (10).
IV. MAIN RESULT
The following result utilizes Theorems 1 and 2 to infer asymptotic properties of the switched system using asymptotic properties of the subsystems. Theorem 3. Let V : Ω → R be a common semidefinite Lyapunov function for the family of (Filippov or Krasovskii) differential inclusions {ẋ ∈ F σ (x, t) | σ ∈ N } (i.e., the functions W , v, and v in Definition 3 are independent of σ). Then, V is also a semidefinite Lyapunov function for the differential inclusionẋ ∈ F (x, t).
Proof:
The proof proceeds by showing that a common semidefinite Lyapunov function for the family of differential inclusions is also a semidefinite Lyapunov function for the closure of their convex combination. The conclusion of the theorem then follows from Theorem (2). 5 For all σ ∈ N , let x σ : R ≥0 → D denote a generalized solution toẋ ∈ F σ (x, t) and let x : I → D denote a generalized solution toẋ ∈ F σ (x, t) over an interval I containing t 0 . LetV Fσ be the generalized time-derivative of V along the differential inclusionẋ ∈ F σ (x, t) and letV be the generalized timederivative of V along the differential inclusionẋ ∈ F (x, t). Since V is a common semidefinite Lyapunov function, there exists a function W : D → R, independent of σ, such that for all σ ∈ N and for all (x, t) ∈ Ω,V Fσ (x, t) ≤ −W (x) .
Fix p ∈ ∂V (x, t) and let q * ∈ co σ∈N F σ (x, t). Then, there exists collection of m ≤ n + 1 points {z 1 , · · · , z m } ⊂ R n , positive real numbers {a 1 , · · · , a m } for which
From the definition of the generalized time-derivative in (2), there exists some σ * ∈ N such thatV F (x, t) ≤V F σ * (x, t) .
Remark 1. The geometric condition in (6) can be relaxed to the following trajectory-based condition. Let the subsystems in (9) satisfyV
for all σ ∈ N , and for all complete generalized solutions x σ : R ≥0 → D to (9) , where the qualifier a. e. implies that the inequality holds for almost all t ∈ R ≥0 . In addition, let the set {t | ρ (x * (·) , ·) is discontinuous at t} be countable for a specific complete generalized solution x * : R ≥0 → D to (8) . Then, weak versions of Theorems 1 and 3 that establishes the convergence of W (x * (t)) to the origin as t → ∞ can be proved using [25, Corollary 1] . Furthermore, the proofs of Theorems 1 and 3 do not critically depend on a specific definition of the generalized time-derivative in (2). Using techniques similar to this technical note and [25, Corollary 1], Theorems 1 and 3 can also be established using the setvalued derivatives developed in [27] and [30] .
V. EXAMPLE Consider the following nonlinear dynamical system.
where x : R ≥0 → R n denotes the state, u : R ≥0 → R n denotes the control input, d : R ≥0 → R n denotes an unknown disturbance, ρ : R n × R ≥0 → N denotes a known piece-wise continuous switching signal, Y σ : R n → R n×L , for each σ ∈ N, is a known function, and θ ∈ R L is the vector of constant unknown parameters. The control objective is to regulate the system state to the origin. The disturbance is assumed to be bounded, with a known bound d such that d ∞ ≤ d.
A. Control Design
The following nonlinear robust adaptive controller is designed to satisfy the control objective.
L denotes an estimate of the vector of unknown parameters, θ, k, β ∈ R >0 are positive constant control gains, and sgn (·) is the signum function. The estimate, θ, is updated using the update laẇ
For each σ ∈ N, the closed-loop error system can then be expressed aṡ
whereθ θ −θ denotes the parameter estimation error. The closed-loop system in (13) and (14) is discontinuous, and hence, does not admit classical solutions. Thus, the analysis will focus on the Filippov solutions to (13) and (14).
B. Stability Analysis
Consider the candidate Lyapunov function V : R n+L → R ≥0 , defined as
where z x TθT T . Since the candidate Lyapunov function is smooth, the Clarke gradient reduces to the standard gradient, i.e, ∂V = z T . Using the calculus of K [·] from [31] , a bound on the Filippov regularization of the system in (13) and (14) can be computed as F σ (z, t) ⊆ F 
for all (z, t) ∈ R n+L × R ≥0 and σ ∈ N, where W (z) = k x 2 is a positive semidefinite function. Using (15) , (16) , and Theorems 1 and 3, all the Filippov trajectories of the switched nonsmooth system in (13) and (14) are bounded and satisfy x → 0 as t → ∞.
VI. CONCLUSION
Motivated by applications in switched adaptive control, the generalized Lasalle-Yoshizawa corollary in [25] is extended to switched nonsmooth systems. The extension facilitates the analysis of the asymptotic characteristics of a switched system based on the asymptotic characteristics of the individual subsystems where a common candidate Lyapunov function with a negative semidefinite derivative can be constructed for the subsystems. Application of the developed extension to a switched adaptive system is demonstrated through a simple example.
The developed method requires a strong convergence result for the subsystems. The existence of a candidate Lyapunov function that satisfies (6) implies that all the Filippov solutions to the individual subsystems are bounded and asymptotically converge to the origin. Future research will focus on the development of results for switched nonsmooth systems where only weak convergence results (that is, only a subset of of the Filippov solutions to the individual subsystems are bounded and asymptotically converge to the origin) are available for the subsystems.
